Abstract A two-scale analytical-numerical homogenisation approach is developed to predict effective elastic properties of ultra high performance fibre reinforced concrete considering distribution of pore sizes acquired from 3D micro X-ray computed tomography (μXCT) images of 24.8μm resolution. In the first scale, the mortar, consisting of sand, cement paste and a large number of small pores (10-600μm), is homogenised using analytical Mori-Tanaka method with constituents' moduli from micro-indentation. In the second, μXCT images of a 20mm cube are converted to mesoscale representative volume elements for finite element homogenisation, with fibres and a small number of large pores (≥600μm) in the homogenised mortar. The resultant elastic moduli are compared favourably with experimental data. This approach accounts for a large number of pores with a wide size range yet without excessive computational cost. Effects of fibre volume fraction and orientation are investigated, demonstrating the approach's potential to optimise the material's micro-structure for desired properties.
Introduction
Ultra high performance fibre reinforced concrete (UHPFRC) or reactive powder concrete has many advantages over conventional concrete, fibre reinforced concrete (FRC) and high performance concrete, including considerably higher ductility, durability and strength (typically over 150MPa in compression and 9 MPa in tension) [1, 2] . These properties are achieved using a high cement content, low water/cement ratio (<0.2), fine silica sand (size <0.5mm), microsilica or silica fume, superplasticizer and other additives, resulting in a very dense cementitious matrix. Short (3-13mm) , high strength (typically 2000MPa) steel fibres of 1-10% volume fraction are also added, leading to very high fracture energy (up to 40,000 J/m 2 ), little size effect in bending [3] and excellent impact and blast resistance [4] [5] [6] .
Although the material has been used in many special structures and components, its wide applicability so far is limited, mainly due to relatively high material costs and lack of widelyaccepted design codes [7] . This situation can be improved with a better understanding of the relationships between the material's internal structure and mechanical properties at micro-, meso-and macro-scales, so that the mix design can be optimised for desired performances yet with minimal costs.
Extensive experiments have been carried out to obtain the mechanical properties of UHPFRC [2-6, 8, 9] and to establish empirical relationships between the overall mechanical properties and the usage of constituents or phases [10, 11] . Experiments are often extensive, difficult and costly to carry out, especially if the effects of the phase distributions, volume fractions and local micro-structures are investigated.
Several homogenisation techniques, in which a heterogeneous material is replaced by an equivalent homogeneous continuum, have been proposed to evaluate the effective elastic properties of composite materials. A common method is analytical estimating of upper and lower bounds based on the volume fractions and elastic moduli of both matrix and reinforcement, for example, the Voigt's and Ruess's bounds [12] and Hashin and Shtrikman bounds [13] . The Eshelby's equivalent approach [14] , based on single ellipsoidal inclusion in an infinite matrix, is widely used as a basis for more sophisticated analytical homogenisation approaches, such as the Mori-Tanaka (MT) scheme [15, 16] , the self-consistent approach [17] and the generalized self-consistent scheme [18] .
In recent years, having recognised that the mechanical properties of cementitious composites at macro-scale are highly dependent upon the nano/micro-structures and respective properties of individual constituents, researchers have made considerable efforts in developing multiscale models using the above analytical homogenisation techniques (mainly Mori-Tanaka scheme), in which the results obtained at small scale are up-scaled to predict the behaviour at larger scales. For example, multiscale models for estimation of elastic properties have been built for cement paste [19, 20] , mortar and concrete [21] [22] [23] and UHPFRC [24] .
Although simple and efficient, these analytical models (whether multiscale or not) cannot consider the complicated, realistic shapes, size gradations, and random distribution of the inclusions due to simplifications necessary for analytical derivations.
An alternative to analytical approaches is numerical homogenisation, mostly using the finite element method (FEM) capable of modelling complicated heterogeneous material structures at different length scales. This approach allows homogenisation of macro-scale properties from numerical solutions of a representative volume element (RVE) [25] .
Although widely used to study composite materials, its application to cementitious materials is limited. Recently a few two-step homogenisation approaches have been developed for FRC [26, 27] , in which the inclusions (fibres and aggregates) and surrounding interfacial zone are homogenised first using Gaboczi's analytical method [28] , and the homogenised inclusions are then integrated with the mortar matrix to predict overall elastic properties of FRC using numerical homogenisation. In these studies, the material's micro-structures used in the second step are generated using statistical algorithms with inclusions of simplified shapes and distributions, and little attention is paid to the effects of pores which exist intrinsically in cementitious composites. One important reason is the lack of real 3D internal microstructures, and another is the high computational cost caused by explicit modelling of constituents in the micro-structures.
Recently, micro X-ray Computed Tomography (μXCT), a 3D imaging technique routinely used in hospitals, has become popular in characterising the internal nano-, microand meso-scale structures of many materials, because of its high resolution, non-destructive nature, and clear visualisation of shapes, sizes and distribution of multi-phases including pores and cracks. For example, μXCT has been used to characterise metals and alloys [29, 30] , porous materials [31] , snow [32] , nuclear graphite [33] , composites [34] , asphalt mixtures [35] , and concrete [36] [37] [38] . It has also been used to examine fibre reinforced composites such as glass fibre reinforced polymer [39] and carbon/carbon composites [40] . A few studies have used μXCT to characterise the structure and behaviour of FRC, e.g., on fibre orientations [41, 42] , fibre spacing [43] , and measurement of fracture energy [44] .
This study aims at developing an accurate and efficient two-scale homogenisation approach for the prediction of elastic properties for fibre reinforced concrete such as UHPFRC. The 3D micro-structure of a 20mm UHPFRC cube with a voxel resolution of 24.8µm is obtained by μXCT scanning. Statistical analysis of the pore sizes in the μXCT images is then carried out based on which a two-scale homogenisation approach is developed.
At the first scale, the mortar is considered as a three-phase material composed of cement paste (containing the hydrated CSH, un-hydrated cement clinkers, GGBS and silica fume), silica sand and a large number of small pores smaller than 600µm. The elastic properties of the cement paste and silica sand are obtained by micro-indentation tests. At the second scale, UHPFRC is modelled as a three-phase material with the homogenised mortar, steel fibres and a small number of pores larger than 600µm. A different homogenisation approach is used in each scale: the analytical Mori-Tanaka average stress theory is used in the mortar step to avoid modelling the large number of small pores as in numerical homogenisation, while numerical homogenisation using 3D FE models transformed directly from μXCT images is used in the second scale. The developed method thus combines the efficient analytical approach and the realistic numerical approach. The steel fibres are modelled by both 3D solid elements and 1D truss elements. The effects of RVE size, volume fraction and orientation of steel fibres on the elastic moduli are also investigated.
Experimental studies

Materials and basic properties
The mix design of UHPFRC investigated in this study, summarised in Table 1 , was developed at the University of Liverpool [2, 8, 9] , where the detailed fabrication process could be found. The straight steel fibres are of 2000MPa in strength, 13mm in length and 0.2 mm in diameter with a volume fraction f f =2%. (Fig. 1a) , a proper selection of greyscale threshold for pores is very important. Fig .2 shows the sensitivity of pore volume fraction to the threshold. It can be seen that the pore volume fraction has a big jump at 60, indicating that some mortar matrix may be mistakenly identified as pores. This is also reflected in the segmented pore distributions in Fig .3 . After careful comparison of the segmented images and the original ones, a threshold 55 was found to cover most of the pores in all μXCT images. As a sharp distinction exists between the steel fibres and the mortar matrix (Fig .1a) , a threshold 140 is easily identified for steel fibres with consideration of the fibre diameter 0.2mm. The voxels with grey values between 55 and 140 are then identified as the mortar matrix. Fig .6 shows the segmented 3D μXCT image of N=1533 fibres with grey value ≥ 140. The fibre volume fraction, which is found as f f =3.75%, is much higher than 2% in the mix design (Table 1) , indicating non-uniform distributions of fibres during casting, which is a common problem in UHPFRC specimens [45] . The mechanical properties of UHPFRC are significantly dependent on fibre orientations [41, 45] . The segmented μXCT images of fibres in Fig .6 can be used to characterise the overall orientation of fibres. First, a skeletonisation algorithm developed by [46] was implemented in a Matlab code to identify one voxel-thick fibre skeleton (centreline) of each fibre. Next, the orientation angle of each fibre with respect to a global axis (x, y or z) was calculated from the centreline's coordinates. These angles were then used to compute an overall orientation factors with respect to the considered global axis i by [45] 
where i=1,2, and 3 corresponding to x, y and z axes, is the angle of j th fibre centreline with respect to the axis i. From the μXCT image, the calculated is 0.68, 0.42 and 0.25, respectively, indicating the majority of fibres in this specimen tend to align along the x axis.
Optical microscopy observations and micro-indentation tests
The mortar matrix contains silica sand particles with average diameter 0.27mm [2] as shown in Table. 1. However, as the silica sand and the cement paste have similar density and thus same level of greyscale values particularly for dense mortar [47] , they cannot be differentiated in the μXCT images. An optical microscopy was thus used. Fig .7 shows the detailed micro-structure of a small area (2.3×1.8mm) of the mortar matrix. The load vs. penetration depth curves for each indent was recorded and used to calculate the elastic moduli using the Oliver and Pharr method [48] . Fig .9 shows some examples for 1 N peak force. 
The two-scale homogenisation approach for UHPFRC
Based on the statistical data of pore size (Fig. 5) analysed from the μXCT images and considering computational efficiency, a two-scale analytical-numerical homogenisation approach was developed to calculate the effective elastic properties of UHPFRC. It is illustrated in Fig .11 and discussed in detail as follows. 
Analytical homogenisation at the micro-mortar scale
At the mortar scale, the mortar was considered as three-phase material in which the silica sand and pores are inclusions embedded in the cement paste. The elastic properties of mortar matrix were predicted using the analytical Mori-Tanaka scheme based on classical Eshelby's solution of ellipsoidal inclusions embedded in an infinite matrix [15, 16] . In this scheme, the homogenised bulk ( ) and shear ( ) moduli of a composite with r number of inclusion phases can be evaluated using [23] :
with and defined as: The homogenised bulk and shear moduli are then used to evaluate the homogenised Young's modulus and Poisson's ratio using:
Numerical homogenisation at the meso-fibre scale
The widely-accepted computational homogenisation method [49, 50] was applied at the fibre (meso) scale to estimate the effective elastic properties of UHPFRC. In this method, six independent loading cases with suitable boundary conditions are applied on representative volume elements (RVEs), which are modelled with detailed multi-phasic constituents.
The general constitutive relation of a heterogeneous material in terms of computational homogenisation can be expressed as:
where is the homogenised stiffness matrix, 〈 〉 and 〈 〉 are the volume averaged stress and strain tensors of the RVE respectively. These average stress and strain can be obtained in terms of local elemental stresses and strains as follows:
where V is the volume of the RVE, and are the volumes of mortar and fibre phases respectively. Alternatively, the average stress and strain can be obtained from the boundaries reaction forces and displacements using [51] :
where is the surface of the RVE, the traction on the boundaries, the position vector, the displacement and n the unit normal vector.
The RVE is subjected to uni-axial tensile and shear deformation along the three axes of coordinates to determine the components of . Different boundary conditions on the RVE can be applied as long as the Hill-Mandel condition is satisfied for energy equivalence.
Herein the following kinematic uniform boundary conditions (six displacement boundary conditions on the RVE boundary ) are applied [49, 52] :
where and =1, 2 and 3 corresponding to x, y and z axes and 0 are the components of a uniform applied strain.
Results and Discussion
Mortar scale
The analytical model (Eqs 2-7) needs the elastic moduli, Poisson's ratios and volume fractions of the involved phases as inputs. The elastic moduli of silica sand and cement paste were taken from the mean indentation measurements as =88.61GPa, and =58.33GPa, respectively. The Poisson's ratio is 0.21 and 0.20 for the silica sand and the cement paste, respectively [24] . The volume fractions f at this scale are evaluated based on mass proportions of the mix design shown in Table 1 . Knowing that the mass density of silica sand is 2652 kg/m 3 [9] , its volume fraction is calculated as f s =39.20%.
The volume fraction of pores at the mortar scale, however, is difficult to determine.
Although the small pores with d e =25-600µm are included in this scale, the pores smaller than 25µm that cannot be identified by the μXCT scanner must also be considered. Assuming that the mechanical effects of pores with d e <10 µm have already been captured by the microindentation measurements and thus could be neglected, all the pores with d e =10-600µm are considered in this scale [24] . According to studies in [23, 24] , the volume fraction of pores with d e >10 µm for high performance concretes is 8.9% to 11.7%, with corresponding elastic moduli of 52.7 GPa to 34.9 GPa. It was also found that the elastic modulus of UHPFRC is approximately inversely proportionate to the porosity up to 10% [24] . As the tested UHPFRC has =45.5 GPa (28 days) [2] , it is reasonable to infer that the porosity with d e >10µm is 10%.
As the pores with d e >600µm modelled at the second scale (fibre scale) has f p =1.43% as revealed in the XCT scan, the pores modelled at this scale has thus f p =8.57% (10%-1.43%).
Finally, the volume fraction of cement matrix at this scale is f cm =1-f p -f s =1-39.20%-8.57%=52.23%.
The interfacial transition zone (ITZ) between the cement matrix and the inclusions (sand particles and steel fibres) in UHPFRC differs from that in ordinary concrete and normal FRC made with higher w/c ratio [24] . Testing the ITZ in UHPFRC using micro-indentation is not possible because the thickness of the ITZ (1~5µm) [53] is very small compared with the indenter size (>10µm), as shown in Fig .8 where most of the indentation marks at the ITZ reached the steel fibres. In addition, nano-indentation tests [24, 53] found that the ITZ in UHPFRC is as stiff as the bulk matrix. The ITZ was thus neglected in this study.
Substituting the above parameters into Eqs (2-7), the homogenised elastic properties of the mortar were calculated as =57.30GPa and v m =0.207. The material properties at this scale are sammarized in Table. 2. 
Full 3D FE models
Five sizes of cubic RVEs, i.e., 5mm, 6.5mm, 9mm, 13 mm, and 16.5mm, cut from the segmented 3D μXCT images of the UHPFRC cube, were modelled. To investigate the effects of random distribution of internal phases, several RVEs at different regions were modelled for each size: 20 for 5mm, 10 for 6.5mm, 5 for 9mm, 3 for 13mm and 1 for 16.5mm. One RVE for each size is shown in Fig. 12 . These images were converted into finite element meshes using the commercial software ScanIP (Simpleware Ltd., UK) after the pores with <600μm were removed from the images in Matlab and replaced by mortar. The meshes were generated with free-meshing control in ScanIP with element size in the range 0.056~0.136mm. The mesh for a 5mm cube is shown in Fig. 13 as an example. It has 213,478 nodes and 902,522 tetrahedron elements for mortar and 231,832 elements for fibres. All the finite element analyses were conducted using ABAQUS. Each FE model was simulated under the six loading conditions given in Eq .13. Fig .14 shows the deformation modes with stress contours of a 9mm RVE as an example. 
The calculated means and standard deviations for the five 9mm RVE are:
Extension 
A cubical symmetry could be seen in Eq. 15, from which the elastic constants of the RVEs could be calculated. The elastic constants for all the RVE sizes are listed in Table 3, where the effective homogenised properties (EHP) are the volume averaged values of all the RVEs. It can be seen that the elastic moduli 22 and 33 are slightly less than 11 for all sizes.
This is related to the orientation of fibres which tend to align with the x axis as explained in section 2.2 and has been observed in experiments [54] . Table 4 ).
3D FE Models with 1D fibres
The steel fibres were also modelled by 1D bar/truss elements to save computational cost so that fast simulations can be carried out for parametric studies. The voxels of fibres in the μXCT images were replaced by mortar. The centrelines for all fibres, obtained from the skeletonisation process in the segmentation aforementioned, were used to generate 1D truss elements in a Matlab code. They were then embedded into the homogenised mortar matrix with perfect bond. This led to considerable reduction in the degrees of freedom in the FE models. For example, using the same range of the element size as in Fig. 13 , the FE model using 1D truss elements for the 5mm RVE has only 79,131 nodes and 388,195 elements in total, with only 64 truss elements for fibres.
For these models, the homogenised stiffness coefficients were determined from the reaction forces of the RVE boundaries according to the Eqs. 11-12. The results are very close to those in Table 4 (ref. Fig. 15 ) and the anisotropy ratio was found to be 0.971-0.986.
Effects of RVE size
Fig .15 plots the RVE size versus the homogenised Young's moduli (averaged by the number of RVEs for each size) and the errors for both 1D and 3D modelling of fibres. From these results, it can be concluded that 9mm is big enough to yield stable elastic modulus for both models, and thus can be regarded as representative. It can also be seen that modelling fibres using 3D or 1D elements made little difference to the homogenised modulus. For example, it is 58.22GPa and 57.33GPa from 3D and 1D modelling, respectively, for the 9mm model. Fig .15 Size effect of RVE models on the predicted homogenised elastic modulus of UHPFRC Table 4 compares the homogenised elastic moduli E H of the mortar and the UHPFRC with the experimental data, where E e is obtained from cylindrical compressive tests [2] , E u from ultrasonic pulse velocity tests and E r from resonant frequency tests [57] , respectively, all at 28 days. The differences between the homogenised results and the experimental data are shown in the brackets. It can be seen that the homogenised E H =57.3GPa for the mortar overestimates the experimental E e =42.08GPa by 36.17%, which in turn leads to 13.6~27.9%
Comparison with experimental data and re-modelling
overestimations for the bulk of UHPFRC. There may be two reasons for this. The first is that the big pores with d e >600μm, excluded in the first-scale homogenisation, may exist in the tested mortar specimens. The second may be the uncertainties involved in the microindentation tests, as reflected by the relatively high standard deviation in the moduli for the cement paste and the silica sand (see Table 2 ). Nano-indentation test can be carried out for more accurate results [23] . for the cement paste, were used as inputs in the first scale. The homogenised elastic modulus of mortar matrix is 47.17GPa. This value was then used as input for the 9mm RVEs to be remodelled, leading to E H = 48.23±0.59 for the UHPFRC. The resultant differences with the experimental data now become very small, as summaries in Table 5 . 
Effects of fibre volume fraction on homogenised moduli
As the usage of high-strength steel fibres is one of the main reasons for high cost of UHPFRC, the effects of fibre volume fraction were investigated. The 9mm RVE models with 1D fibre elements were re-simulated with f f =6%, 8% and 10% in addition to the original 3.75%. The μXCT image-based meshes for the mortar with large pores were kept the same for all the models. A Matlab code was developed to randomly add more 1D fibre elements until the desired f f was reached (see Fig. 16 ). To eliminate the effect of the fibre orientation, the newly added fibres had the same orientation factors with respect to the global axes as in the original models. The predicted elastic moduli were averaged over the five 9mm RVEs.
The predicted E H is 57.97, 58.28, and 59.02GPa for f f =6%, 8% and 10%, respectively, with a slight increase over the 57.33GPa for f f =3.75%. This indicates that the volume fraction of fibres randomly oriented does not significantly affect the elastic properties of UHPFRC as demonstrated by experiments [55, 56] . 
Effects of fibre orientation on homogenised moduli
The five 9mm RVE models with 1D fibre elements and f f =10% were then simulated to study the effect of fibre orientation on the predicted E H . All fibres were aligned with the x axis but placed randomly, so the fibre orientation factor (Eq.1) with respect to x axis is 1 and close to zero with respect to other axes. The averaged elastic moduli are E 11 =75.77GPa, E 22 =56.57GPa and E 33 =56.56GPa. E 11 is about 34% higher than E 22 and E 33 and the anisotropy ratio for all the models is about 0.70, suggesting that the material is no longer isotropic. E 11 =75.77GPa is about 28% higher than E H =59.02GPa of the 9mm RVE models with the same f f but randomly oriented fibres. This shows the significant effect of the fibre orientation on the elastic modulus of UHPFRC.
Conclusions
In this study, the 3D micro-structure of a 20mm UHPFRC cube with 150MPa
compressive strength has been acquired by high-resolution μXCT scanning. The numbers, shapes, volume fractions and distributions of both steel fibres and pores are all visualised and determined by analysing the CT images with 24.8μm voxel resolution. It has been found in this specimen, there are over 12300 pores with size ranging from 25-1400µm, among which 97.7% are smaller than 600µm. This demonstrates the unrivalled capability of μXCT technique in revealing micro-structural details of composite materials like UHPFRC.
Based on the μXCT images and particularly the distribution of pore sizes, we have developed a two-scale homogenisation approach to calculate the effective elastic properties of UHPFRC. In the first (micro) scale, the sand particles, cement paste and the large number of small pores (<0.6mm), are analytically homogenised as the mortar matrix using the MoriTanaka method with the constituents' moduli obtained by micro-indentation tests. In the second scale, 3D meso-scale FE models of RVEs are built directly from the μXCT images for numerical homogenisation, with steel fibres and the small number of large pores (≥0.6mm) embedded in the homogenised mortar. The coupling of analytical and numerical homogenisation at different scales results in tremendous computational savings over other approaches using numerical homogenisation at both scales. The developed approach thus offers an accurate and efficient tool to conduct parametric studies for optimisation of the material's micro-structure for desired mechanical properties. The strength and fracture behaviour of UHPFRC at micro/meso-scales can also be predicted by nonlinear damage mechanics models making use of the XCT images and the homogenised properties, which is an ongoing task.
